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Abstract
In this paper we consider the 1-parameter coincidence problem of finding homotopies of pairs of
maps (ft , gt ) such that the number of coincidence points is independent of t . A number of results for
the root problem (gt constant) for maps between surfaces are given. Also, for the fixed point problem
(gt the identity) on the 2-sphere we obtain a negative result for every degree different from negative
one. That is, the existence of pairs f0 and f1 each having one fixed point, but for some t , ft has
additional fixed points.  2001 Elsevier Science B.V. All rights reserved.
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Introduction
Given a self-mapping f :X → X we denote by MF[f ] the minimal number of fixed
points among all maps f ′ homotopic to f . We say that f is minimal if # fix(f )= MF[f ].
In 1983 Helga Schirmer, see [6], raised the following question: given f1, f2 :X→X two
maps which are minimal and homotopic can we find a homotopy H connecting f1 and f2
such that for each t ∈ [0,1] we have H(·, t) is minimal? Such a homotopy, when it exists,
will be referred to as a Wecken homotopy.
In 1990 the second author, see [4], has provided examples of manifolds of all dimensions
 2 and self maps f1, f2 which are homotopic, fixed point free but not freely homotopic,
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i.e., they can not be connected by a homotopyH which is fixed point free. In the papers [1]
and [2], invariants are defined in order to detect the existence of fixed points for a given
homotopy class (of homotopies) that are not Nielsen equivalent to fixed points at either
end. In particular [1] gives a nontrivial invariant for the above examples.
As with many problems in fixed point theory there is a natural generalization to the
setting of coincidences. Corresponding to the 1-parameter fixed point problem described
above it turns out that there are two similar questions which can be raised for coincidence.
As in the fixed point case, for a pair of maps (f, g) :X→ Y we denote by MC[f,g] the
minimal number of coincidence points among all pairs (f ′, g′) which are homotopic to
(f, g). A pair (f, g) is called a minimal pair if # coin(f, g)= MC[f,g].
The two types of Wecken homotopy questions are as follows:
(1) Let (f1, g1), (f2, g2) :X→ Y be maps such that # coin(f1, g1) = # coin(f2, g2) =
MC[f1, g1] and (f1, g1), (f2, g2) are homotopic as a pair of maps. Can one find
a pair H,G of homotopies from f1 to f2 and g1 to g2 respectively, such that
# coin(H(·, t),G(·, t))= MC[f1, g1] for all t ∈ [0,1]?
(2) Let g1, g2 be two homotopic maps and G a fixed homotopy connecting g1 and g2.
Given (f1, g1), (f2, g2) :X→ Y maps such that # coin(f1, g1) = # coin(f2, g2) =
MC[f1, g1] where f1, f2 are homotopic, can one find a homotopy H connecting f1
to f2 such that # coin(H(·, t),G(·, t))= MC[f1, g1] for all t ∈ [0,1]?
Note that the first question is the natural one for coincidence. On the other hand, negative
answers to the fixed point problem provide negative answers to the second question, but not
the first. Simply because the fixed point problem is a coincidence problem where G(·, t) is
the identity for all t ∈ [0,1].
In the paper [3] the authors study the existence of Wecken homotopies for coincidences
for maps from an orientable closed surface to the 2-dimensional torus. In the case that the
domain is also the torus there is a nice characterization: one has an affirmative answer to
the first question if and only if the Lefschetz coincidence number is nonzero. Moreover, as
a consequence of the fact that the target space, the torus, admits a multiplication, the two
questions above are equivalent.
In this paper we study the above questions for maps between compact orientable
surfaces. More specifically we treat the following situations:
(a) coincidence free maps from a surface into the 2-sphere S2,
(b) root case of maps from a surface into the 2-sphere S2,
(c) root free case of maps f :Sh → Sg between surfaces and
(d) fixed point case of self maps of the 2-sphere S2.
The main results of this paper are given in the following three theorems.
Theorem 2.2. Suppose that f :Sh → Sg , h  g  1, is a map such that y /∈ f (Sh), for
some y ∈ Sg . Then there exists a countable family of maps fn, each homotopic to f , so
that for any two maps fn, fm in the family with n 	=m each homotopy between them has a
root at y.
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Theorem 2.4. Let f1, f2 :Sh → Sg be homotopic maps such that |deg(fi)| = (h−1)/(g−
1) for i = 1,2. If #f−1i (y) = (h − 1)/(g − 1) for i = 1,2, then there is a homotopy H
between f1 and f2 such that #H(·, t)−1(y)= (h− 1)/(g− 1) for all t ∈ [0,1].
Theorem 3.1. Let f :S2 → S2 be given with deg(f ) 	= −1. Then there is an infinite family
of maps fn, each homotopic to f , such that # fix(fn)= 1 and for n 	=m, fn and fm cannot
be joined by a Wecken homotopy.
Notice that the result in Theorem 3.1 is exactly the opposite as that for self-maps of the
torus given in Theorems 2.2 and 3.4 of [3]. For the torus, the presence of fixed points for
minimal maps means pairs of maps can be joined by Wecken homotopies. For S2 this only
happens in the fixed point free case.
The paper is divided into three sections. In section one we consider coincidence free
pairs of maps into the 2-sphere S2. We also consider the root problem, which corresponds
to the coincidence question (2) where the second map is the constant map and remains
constant. The main results are Corollary 1.3 and Proposition 1.5. In Section 2 we consider
the root free case for maps between arbitrary surfaces and the root case where the map
f :Sh → Sg is a covering. The main results are Theorem 2.2 and Theorem 2.4. In Section 3
we consider the fixed point problem for self maps of the 2-sphere S2. The main result is
Theorem 3.1.
1. Coincidence of maps from a surface to the sphere S2
We will consider here the case where the target is the 2-sphere S2 and the domain is the
surface Sh of genus h. The coincidence free case has a positive answer, namely:
Proposition 1.1. Let (fi, gi) :Sh → S2, i = 1,2, be two pairs of maps which are
coincidence free and they are homotopic as pairs of maps. Then there exists a coincidence
free homotopy connecting the two pairs.
Proof. Let A :S2 → S2 be the antipodal map. Since (fi , gi) are coincidence free, for each
point x ∈ Sh the points A(fi(x)) and gi(x) are not antipodal points. So there exists a
unique minimal geodesic which starts at gi(x) and ends at A(fi(x)). This geodesic does
not contain the point fi(x). Therefore we can deform gi to g′i where g′i = A ◦ fi . Further,
during this homotopy (fi ,Hi(·, t)) is coincidence free. So it remains to connect (f1, g′1) to
(f2, g
′
2). Take as H any homotopy connecting f1 to f2. The pair of homotopies (H,A◦H)
has the desired property. ✷
Proposition 1.1 says that the question 1 stated in the introduction has a positive answer
for pairs of coincidence free maps into the 2-sphere S2. We claim that the question 2 has
also a positive answer at least for pairs of coincidence free self maps of the 2-sphere S2. In
order to show this we prove first a lemma under the hypothesis that the given deformation
of the second variable is a small deformation (the meaning of the term small will become
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clear in the statement of the lemma). We will use the following elementary fact about a
sphere: as before A denotes the antipodal map and let x 	= y be two distinct points of the
sphere which are distance d apart. Then there exists a δ(d) > 0, which depends only on d ,
not on the points, such that all the minimal geodesics starting from x and ending in a point
of the disk A(By(δ(d))) do not intersect the disk By(δ(d)) of center y and radius δ(d).
Lemma 1.2. Let (f, g) :Sh → S2 be a pair of maps which is coincidence free and G a
homotopy of g, i.e., G(·,0) = g. Then there is an ε > 0 and a homotopy H(·, t) for t ∈
[0, ε] of f such that (H,G) is coincidence free for all t ∈ [0, ε] and H(·, ε)=A ◦G(·, ε).
Proof. Given (f, g) coincidence free, let d > 0 have the property that for all x ∈ Sh we
have d(f (x), g(x)) d . Such d exists because the domain is compact. Let δ(d) > 0 be the
number given as explained before this lemma. Since G is uniformly continuous, there is an
ε > 0 such that if two points have distance less than ε then the images have distance less
than δ. In particular for each fixed x ∈ Sh the path G|x×[0,ε] is inside of the disk of center
g(x) and radius δ. Now we construct the homotopy H . For each fixed x define H(x, t) to
be the unique geodesic which starts at f (x) and ends in A ◦G(x, ε) as t runs from 0 to
ε. This geodesic does not intersect the path G|x×[0,ε]. This last statement follows from the
facts that G|x×[0,ε] is inside of the disk of center g(x) and radius δ, and the property of the
number δ described before this Lemma. So the result follows. ✷
Corollary 1.3. Let (fi , gi) :Sh → S2, i = 1,2, be two pairs of maps which are homotopic
and coincidence free. If G is a given homotopy connecting g1 to g2, then there is a
homotopy H connecting f1 to f2 such that (H,G) is coincidence free, i.e., is a Wecken
homotopy.
Proof. By using Lemma 1.2 we can assume that fi = A ◦ gi . Now using the same
construction given in the proof of Proposition 1.1, namely take H = A ◦ G, the result
follows. ✷
Now let us consider the root problem.
Proposition 1.4. Let f1, f2 :S2 → S2 be two homotopic maps with deg(f1)= deg(f2) 	= 0
and each map has one root. Then there is a homotopy connecting them where the homotopy
has one root at each stage.
Proof. We can deform one of the two maps, by a Wecken homotopy such that the deformed
map and the other one have the same root (see the step 1 of the proof of next proposition),
which can be assumed to be the north pole pN . Since they have the same degree we
can make the two maps coincident in a small open disk of the north pole pN . On the
complimentary disk the two maps are homotopic as maps relative to the boundary, with
image in S2 \ pN . Any such homotopy gives the desired result. ✷
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Proposition 1.5. Let f1, f2 :Sh → S2 be two homotopic maps with deg(f1)= deg(f2) 	= 0
and each map has one root. Then there is a homotopy connecting them where the homotopy
has one root at each stage.
Proof. Let the North pole pN be the base point and denote by pS the South pole. The
proof will be done in three steps. In step 1 we will show that given a map f :Sh → S2
of deg(f ) 	= 0 which has one root x0 = f−1(pN), and a point x1 ∈ S2, there is a Wecken
homotopy which connects f to f ′ such that x1 = f ′−1(pN). In step 2 we will show that
given a map f :Sh → S2 of deg(f ) 	= 0 which has one root x0 = f−1(pN), and a disk D
of radius ε around x0, then there is a Wecken homotopy H which starts at f , is relative to
the disk of radius ε2 around x0, and such that H(x,1)= pS for all x in the complement of
the interior of D. In step 3 we prove the Lemma.
Step 1. Given two points x0, x1 ∈ Sh it is well known that there exists a homeomorphism
h :Sh → Sh which is isotopic to the identity such that h(x0) = x1. Let H be the isotopy
between the identity and h. Then the homotopy f ◦H is a Wecken homotopy which shows
the result.
Step 2. Let f :Sh → S2 where deg(f ) 	= 0 and has one root x0 = f−1(pN), and a disk
D of radius ε embedded in Sh. Now we define, a homotopy as follows: if x ∈ Sh− int(D),
H(x, t) runs from f (x) to pS along the geodesic. We denote this geodesic by γf (x). If x
belongs to the closed disk of radius ε/2, we define H(x, t)= f (x). Now let x be a point of
radius sε where 1/2 s  1. Then we define H(x, t)= γf (x)((2s− 1)t). It is not difficult
to see that this is a well defined homotopy starting with f and ending in a map which has
the desired property. Further this is a Wecken homotopy and the claim follows.
Step 3. By steps 1 and 2 we can assume that f1, f2 have the same root, i.e., f−11 (pN)=
f−12 (pN)= x0, and also that outside of the interior of a disk D the two maps are constant
at the South pole pS . If k :Sh → S2 is the projection which maps the complement of the
interior of D into the South pole and maps the interior of D homeomorphically to S2 −pS ,
then the two maps f1, f2 factors through k, namely f1 = f ′1 ◦ k and f2 = f ′2 ◦ k for a pair
of self maps f ′1, f ′2 of the sphere, which have the same degree and the same root. Now
by Proposition 1.4 we have a Wecken homotopy H which connects f ′1 to f ′2. Further this
last homotopy is relative to the root point. Finally, the homotopy H ◦ (h× Id), where Id
stands for the identity of the interval [0,1], is a required Wecken homotopy between f1
and f2. ✷
2. Roots of maps from one orientable surface to another
We will start with an algebraic lemma about conjugated elements in a free group, which
is going to be used to construct maps which can not be connected by Wecken homotopies.
Also we will show some positive results.
Let w ∈ F2g be a word in the free group on 2g generators, a1, a2, . . . , a2g−1, a2g. Let
us denote by w(a1,Bn) the word obtained from the word w by replacing a1 with Bna1
and a−11 with a
−1
1 B
−n
, where B = [a1, a2] . . . [a2g−1, a2g], and [x, y] = xyx−1y−1, i.e.,
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the commutator. We will use the concepts of freely reduced and cyclically reduced words
from Chapter 1, Section 1.4 in [5].
Lemma 2.1. Let w ∈ F2g be a cyclically reduced word where the variable a1 appears.
Then the words w(a1,Bn),w(a1,Bm) are not conjugated for any two non-negative
integers with n 	=m.
Proof. Let L(w) denote the length of the word w, i.e., the sum of the modulus of the
exponents which appear in w. The proof will be done in three steps. Step 1 shows that
w(a1,Bn) is also cyclically reduced where n is an arbitrary integer. Step 2 shows that
L(w(a1,Bn)) = L(w)+ 4sng where s is the sum of the modulus of the exponents of a1
which appears in w. Step 3 shows the result.
Step 1. We show that w(a1,Bn) is also cyclically reduced where n is an arbitrary integer.
Let ap1 , for p 	= 0, be a power of a1 which appears in w such that in w the letter which
follows and the one which precedes ap1 (if they exist) are both different from a1. We have
that the initial letter and the end-letter ofBna1 are the same and it is a1. Similarly, the initial
letter and the end-letter of a−11 B−1 are the same and it is a
−1
1 . This fact together with the
definition of B , follows that these words are cyclically reduced. Further, the word (Bna1)p
is also cyclically reduced for either p > 0 or p < 0. Now it remains to see that when we
replace ap1 by (B
na1)p in the word w the result remains cyclically reduced. First we claim
that the new word, after the replacement is freely reduced. By choice if ap1 is followed by
some letter, this letter is not a1. Therefore there is no cancellation after the replacement
because (Bna1)p also ends with a1. Similarly, if ap1 is preceded by some letter, this letter
is also different from a1. So the same argument applies. So the word is freely reduced and
we analyze the initial letter and the end-letter of w and w(a1,Bn). We have that w and
w(a1,Bn) they have the same initial letter and the same end-letter. Also the signs of the
exponent of the initial letter and the end-letter of w are the same as the signs of the initial
letter and the end-letter of w(a1,Bn), respectively. Finally we have two cases. If the initial
letter of w is different from the end-letter of w, the same happens with w(a1,Bn) and we
conclude that w(a1,Bn) is cyclically reduced. If the initial letter and end-letter of w are the
same, then their exponents must have the same sign because w is cyclically reduced. So it
follows that the initial letter and end-letter of w(a1,Bn) are the same and their exponents
have the same sign. Thus w(a1,Bn) is cyclically reduced.
Step 2. The length of w(a1,Bn). The word B has length 4ng. Therefore the words
(Bna1)p have length (4ng + 1)|p|. Since s is the sum of the modulus of the exponents of
a1 which appears in w we have that the length of w(a1,Bn) is L(w)− s + (4ng + 1)s =
L(w)+ 4ngs and the result follows.
Step 3. The result. Let n and m be two distinct positive integers. By contradiction
suppose w(a1,Bn) and w(a1,Bm) are conjugate. Since they are cyclically reduced, by
Theorem 1.3 in [5] we have that one word is a cyclic permutation of the other. So they
must have the same length. But by step 2 we have L(w(a1,Bn)) = L(w) + 4ngs 	=
L(w)+ 4mgs = L(w(a1,Bm)) which is a contradiction. So the result follows. ✷
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Theorem 2.2. Suppose that f :Sh → Sg , h  g  1, is a map such that y /∈ f (Sh), for
some y ∈ Sg . Then there exists a countable family of maps fn, each homotopic to f , so
that for any two maps fn, fm in the family with n 	=m each homotopy between them has a
root at y .
Proof. Let ei , . . . , e2h be generators for π1(Sh). For the induced map on π1 write f#(ei)=
wi . By hypothesis we have [w1,w2] . . . [w2g−1,w2g] = 1. If one of these commutators is
equal to 1, then we use the same argument as in [3] Proposition 1.2 to obtain the result. So
let us assume that [w1,w2] 	= 1 and without loss of generality let us assume that w1 is in
the reduced cyclic form and that a1 appears in w1. Define the functions fn :Sh → Sg − y
so that the induced map at the fundamental group level is given by fn#(ei)=wi(a1,Bn).
By Lemma 2.1 it follows that any two such maps fn,fm can not be homotopic because
the words w1(a1,Bn),w1(a1,Bm) can not be conjugated. But as maps into Sg they are
homotopic because they induce the same homomorphism in the fundamental group once
B represents the trivial element in π1(Sg). So the result follows. ✷
Now we will derive some positive results.
Lemma 2.3. Let f :Sh → Sh be a map of degree ±1 such that #f−1(yi)= 1 for a finite
set of points y1, . . . , yl . Then we can deform f relative to f−1(y1), . . . , f−1(yl) to a
homeomorphism f ′ such that the homotopyH between f and f ′ satisfies #H(·, t)−1(yi)=
1 for all t ∈ [0,1] and i = 1, . . . , l.
Proof. For simplicity we assume i = 1 and set y = y1. The proof for i > 1 is identical.
Let N be a small neighborhood of y with N \ y foliated by circles γt , 0 < t  1. Let M
be a small neighborhood of f−1(y) with M \ f−1(y) foliated by circles δt . Since f−1(y)
is a single point we can deform f to a map g such that g−1(y)= f−1(y), g(δt )⊂ γt for
each t , and g(Sh \M)⊂ (Sh \N). Moreover, there is a homotopy between g and f which
satisfies the conclusion of the lemma.
Now, g restricted to the circle δ1 = ∂M has the same degree as g : (Sh \M)→ (Sh \N),
which is the same as the degree of f . Thus we can arrange that g is one-to-one on ∂M .
Since deg(g)=±1 we have g : (Sh \M,∂M)→ (Sh \N,∂N), is homotopic, rel boundary,
to a map f ′ which is one-to-one. Extend to all of Sh using the constant homotopy from M
to N . ✷
Theorem 2.4. Let f1, f2 :Sh → Sg be homotopic maps such that |deg(fi)| = (h−1)/(g−
1) for i = 1,2. If #f−1i (y) = (h − 1)/(g − 1) for i = 1,2, then there is a homotopy H
between f1 and f2 such that #H(·, t)−1(y)= (h− 1)/(g− 1) for all t ∈ [0,1].
Proof. Let us consider the covering of Sg which corresponds to the subgroup of π1(Sg)
which is the image of π1(Sh) under the homomorphism induced by f . It turns out that
the covering space is Sh and let p :Sh → Sg be the covering. Let f˜1, f˜2 :Sh → Sh be the
lifts of f1, f2, respectively. Let y1, . . . , yl be the fibre over the base point y ∈ Sg . Since the
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degree of f˜i is ±1 and #f˜−1i (yi)= 1, by Lemma 2.3 we connect f˜1 to f˜2 by a homotopy
H as given in that lemma. The homotopy given by the composition p ◦H is the required
Wecken homotopy. ✷
3. The fixed point problem for minimal self-maps of S2
It is a classical elementary result that a fixed point free map of the 2-sphere is homotopic
to the antipodal map. The homotopy in the construction is easily seen to be Wecken. In this
section we prove that the presence of a fixed point leads to just the opposite, as indicated
by the following theorem.
Theorem 3.1. Let f :S2 → S2 be given with deg(f ) 	= −1. Then there is an infinite family
of maps fn, each homotopic to f , such that # fix(fn)= 1 and for n 	=m, fn and fm cannot
be joined by a Wecken homotopy.
To prove this theorem we first need some preliminary results. We view the 2-sphere S2
as the identification space (I × I)/B , where I is the interval [0,1] and B is the boundary
of I × I . Let Nε denote the open ε-neighborhood of B . We define a family of self-maps of
S2 by first building certain model maps.
For the following J will denote a closed subinterval of [0,1]. Let η :J → [0,1] be
a homeomorphism. We assume that η has exactly one fixed point. Let φ+ denote a
homeomorphism of the open interval (0,1) with the property that φ+(y) > y for each
y . Similarly, define φ− so that φ−(y) < y . Let SJ denote (J × I) as a subset of S2. Define
maps f±J :SJ → S2 by the formula
(x, y) → (η(x),φ±(y)).
These maps are not uniquely defined but we make the following simple observations
concerning choices:
(1) The only fixed point is B and f±J (∂J × (0,1))= B .
(2) Among the f±J there are exactly two homotopy classes of relative maps from
(SJ , ∂J × I) to (S2,B). In fact, relative homology defines a degree and its value
is +1 when η is orientation preserving, and −1 if η is orientation reversing.
(3) Any two homotopic choices for f+J can be joined by a relative Wecken homotopy.
Such a homotopy can be constructed by joining the η’s by any homotopy and the
φ+’s are joined by a homotopy consisting of φ+ maps. The same holds for f−J .
On the other hand we have the following non-Wecken result. Its proof is postponed until
after Lemma 3.4.
Lemma 3.2. Suppose J ⊂ (0,1). Let ε > 0 be given so that S2 \ (SJ ∪ Nε) has two
components. Let F be a homotopy between f+J and f
−
J such that F(B, t) = B for all
t ∈ I . If F(∂SJ × I)⊂Nε , Then F has a fixed point other than B × I .
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Define a family of self-maps of S2 as follows. Fix positive integers l,m and partition
[0,1] into l + m subintervals of equal length, J1, . . . , Jl+m, in order along [0,1]. Let
ϕ : {1, . . . , l +m}→ {+,−} be a function. Define gϕ :S2 → S2 so that on Jj × I it agrees
with a f ϕ(j)Jj . Also, we assume that the map η is orientation preserving on J1, . . . , Jl and
orientation reversing on the other intervals.
Immediate from its definition
Lemma 3.3. deg(gϕ)= l −m.
Let F be a homotopy with F0 = gϕ and F(B, t) = B for all t ∈ I . Define X =
{(x, y, t)|F(x, y, t) = (x, z)} and Y = {(x, y, t)|F(x, y, t) = (w,y)}, viewed as subsets
of (I × I)× I = I 3.
Let Z denote the set of fixed points for the maps η on the Jj , j  2. Let W denote the
set of endpoints for the intervals Jj with the exception of 0,1 and the right-hand endpoint
r of Jl . Let P = ((I × I)× {0}) \ ((Z ∪W)× I × {0}). Given δ > 0 let Cδ(F ) denote the
set (F−1(Nδ)∪X).
Lemma 3.4. Let F be as above. Further, suppose that F is Wecken and ϕ(l) 	= ϕ(l + 1).
Then there is a δ > 0 and a Wecken homotopy F ′ with F = F ′ on ((I × I) × {0,1}) ∪
(∂(I × I) × I), and so that no component of Cδ(F ′) separates a component of P from
(I × I)× {1}.
Proof. Suppose not, and let C be such a separating component for some Cδ(F ). By a small
deformation to a new Wecken homotopy we can arrange that F is PL away from a small
neighborhood of ∂(I × I) × I , and in particular that C contains a separating surface E
with ∂E a number of arcs of the form {a} × I × {0}, a ∈ (Z ∪W) together with arcs in
(∂(I × I)× I).
The following construction changes E into a disk. Let α be a loop in the interior of E
which does not bound a disk in E. Let D be a disk in the interior of I 3 bounded by α with
interior disjoint from E. If D ⊂ F−1(Nδ), then so is a neighborhood of D and surgery
along D yields a new, possibly disconnected, surface. At least one is separating.
If not, then we deform F to a new Wecken homotopy with the desired property as
follows. Now, the surface E depends on δ, but for suitably small values it is essentially
unchanged, with invariant Euler characteristic. We may choose a smaller δ so that for a
given finite collection of surgery disks, each D never meets Nδ × I .
Consider a component D′ of D \ (F−1(Nδ) ∪ X ∪ Y ) whose boundary ∂D′ does not
meet both X and Y . Since ∂D ⊂ E and X ∩ Y = ∅ such a component exists. Without loss
we assume ∂D′ does not meet Y . Each point in a small neighborhood of D′ is mapped by
F in the same vertical direction (if not to B). Since D ∩ (Nδ × I) = ∅ we obtain a new
Wecken homotopy, with support on this neighborhood, by mapping all points in this given
direction and so that D′ is mapped into Nδ . Repeat on each such component, where if ∂D′
does not meet X, then the directional map is horizontal. The resulting Wecken homotopy,
still denoted by F , has the same surface E, but now with F(D)⊂Nδ .
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To a given separating disk E there is an associated domain R(E), which is the
component of I 3 \ E that does not intersect I × I × {1}. Hence, there is such a disk E
such that R(E) does not contain a separating disk. From the definition of gϕ the boundary
of such an innermost E has one of three possible forms:
(p1) an arc γ = {b} × I × {0} together with an arc in ∂(I × I)× I , or
(p2) two arcs γ and τ = {c}× I × {0} with two arcs in ∂(I × I)× I , where γ ⊂X and
F(τ)= B , or
(p3) same as in (2), except that b is the fixed point of η on Jl and c is the fixed point of
η on Jl+1.
We first consider (p1) in the case that F(γ )= B . It follows that {b} is then the endpoint
of J1, the only interval without an interior fixed point. Since the map F restricted to E is
not onto S2 the relative map from (E, ∂E) to (S2,B) has degree zero. A contradiction as
this implies that the relative degree of f±J1 is zero.
For (p2), or (p1) in the case γ ⊂X proceed as follows. Since F(τ)⊂Nδ , there is an arc
λ in E with the same endpoints as γ and such that λ⊂ (X∩F−1(Nδ)) and the region E′ in
E bounded by λ∪ γ lies in X. By definition of X, there is an interval L⊂ (0,1) such that
F(E′)⊂ SL. Hence, F(λ) and F(γ ) are homotopic in SL. But in SL, F (γ ) is an essential
loop while F(λ)⊂Nδ is inessential.
For (p3) consider the componentK of F−1(N)∪Y in R(E) which meets {r}× I , where
r is the right endpoint of Jl . Since ϕ(l) 	= ϕ(l + 1), K separates R(E) into two regions.
In particular, K meets E in a continuum ω which separates γ and τ . Since F is Wecken,
F(ω)⊂Nδ . But this leads to the same contradiction as in the previous case. ✷
Remarks.
1. We observe that Lemma 3.4 requires the hypothesis ϕ(l) 	= ϕ(l + 1). When they are
equal it is not hard to construct the Wecken homotopy for which E is a disk as in the
above proof and K is in a small neighborhood of {d} × I with K ∩E = ∅.
2. An important feature of the above proof is that after a homotopy Cδ(F ) contains
certain properly embedded disks. In particular, the definition of gϕ ensures that an
arc {z} × I is contained in such a disk whenever z ∈ (Z ∪W). The disks are proper
simply because Cδ(F ) acts as a local separator for points on either side of these arcs.
The endpoint r is only exceptional in that Y acts as a local separator in place of X.
Proof of Lemma 3.2. The proof is similar to that of Lemma 3.4. Set S = J × I . Let F
be a homotopy satisfying the hypothesis and let X and Y be as given above, but now as
subsets of S × I .
As in the proof of Lemma 3.4, for a suitable choice of δ > 0 there is a disk E in
F−1(Nδ)∪X which contains {z}× I ×{0}, where z is the fixed point of η. As remarked,E
is properly embedded in S × I . By our choice of ε, E must meet S× {1} and in particular,
contain {z} × I × {1}.
By the choice of maps Y ∪F−1(N) contains a continuum which separates S× {0} from
S × {1}. This continuum separates E leading to the same contradiction as at the end of the
proof of Lemma 3.4. ✷
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Proof of Theorem 3.1. Choose positive integers l,m so that deg(f ) = l − m. Choose
ε so that the hypothesis of Lemma 3.2 is satisfied for each of J2, . . . , Jl+m−1. Consider
maps ϕ1, ϕ2 : {1, . . . , l + m} → {+,−} such that ϕi(l) 	= ϕi(l + 1) for i = 1,2. Suppose
gϕ1 and gϕ2 can be joined by a Wecken homotopy F . We claim that ϕ1(k)= ϕ2(k) for all k
such that 1 < k < l +m. This completes the proof as the number of pairwise non-Wecken
choices for gϕ grows exponentially with l.
First observe that since S2 is simply-connected and each gϕi has exactly one fixed point
we can assume that F(B, t) = B for all t ∈ I . Continuing with the proof of Lemma 3.4,
consider the sets Z,W as given above. In I × I × {0} denote the set of arcs of the form
{x}× I , where x ∈ (Z∪W) by γ 01 , . . . , γ 02l+2m−3. They are in order along the first I factor.
Let γ 11 , . . . , γ
1
2l+2m−3 denote the analogous set in I × I × {1}.
As in the proof of Lemma 3.4, we can arrange that each γ 0i is contained in a disk
Ei properly embedded in I 3. By Lemma 3.4 and its proof we have that if i 	= j , then
(Ei ∩Ej)= ∅. It now follows that γ 1i is contained in Ei .
Similarly, in F−1(Nδ) ∪ Y there is a disk E0 which contains {r} × I × {0,1}.
Reparametrize I 3 relative the two ends so that Ei = γ 0i × I , for each i  1, and E0 =
{r} × I × I . Finally, F can be deformed to a new Wecken homotopy F ′ so that on each of
the Ei satisfying F(∂Ei)= B we have that F ′(Ei)⊂ Nε . This is because each point in a
component of Ei \F−1(Nδ) is mapped in the same vertical (horizontal for i = 0) direction,
and F restricted to Ei has relative degree zero.
By Lemma 3.2, the claim is established. ✷
We conclude this section with a comparison with a result from [3]. From [3] one can see
that there are pairs of minimal maps f1, f2 :T → T , where T is the Torus, arbitrarily close
to the identity (therefore homotopic to the identity) that can not be joined by a Wecken
homotopy. On the other hand this cannot happens in the 2-sphere S2.
Proposition 3.5. Let f1, f2 :S2 → S2 be two maps of degree one which are minimal (have
only one fixed point which we assume is B). If for every x , the distance between x and
fi(x), i = 1,2, is less than the injectivity radius of S2, then there is a Wecken homotopy
connecting f1 and f2.
Proof. Consider the open disk bundle of radius π (just some fixed radius) over the 2-
sphere S2, p :T (S2) → S2. This is a sub-bundle of the tangent bundle, were π is just
the injectivity radius. Thus, for each x ∈ S2 the exponential provides a homeomorphism
ex :Tx(S
2)→Nπ(x) with ex(0)= x .
Now a section s to this bundle defines a self map fs of S2 by the formula fs(x) =
ex(s(x)). Conversely, a map satisfying the hypothesis determines a section to the bundle.
By the hypothesis on maps f1, f2 we can consider cross sections s1, s2 which vanish
in just one point, which is B . Consider the punctured disk bundle E (the fibre now is D
minus the origin) restricted to the subspace S2 − B . The restrictions of s1, s2 are sections
in this bundle. Since the base is contractible we have that the restricted si ’s are homotopic.
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Moreover, the restricted bundle is trivial so any map c : (S2 −B)→ E can be deformed to
a section.
Let H be a homotopy between s1| and s2|. We may assume that each level H(·, t) is a
section. Further, arrange that points near B× I have images near 0 in the fibres. As a result
we can simply extend H over S2 in the original disk bundle by defining H(B, t) = B .
Finally, H determines a homotopy F from f1 to f2. Since each level of H is a section,
each level of F has exactly one fixed point, B . Hence, F is Wecken. ✷
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